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Abstract 

It has been suggested that certain derivatively coupled non-renormalizable scalar 
field theories might restore the perturbative unitarity of high energy hard scatterings 
by classicalization, i.e. formation of multiparticle states of soft quanta [1]. Here we 
apply the semiclassical method of calculating the multiparticle production rates to 
the scalar Dirac-Born-Infeld (DBI) theory which is suggested to classicalize. We 
find that the semiclassical method is applicable for the energies in the final state 
above the cutoff scale of the theory L~^. We encounter that the cross section of the 
process 2 ^ N ceases to be exponentially suppressed for the particle number in the 
final state N smaller than a critical particle number iVcrit ~ {EL^Y/^. It coincides 
with the typical particle number produced in two-particle collisions at high energies 
predicted by classicalization arguments. 

1 Introduction 

Traditional approach to the field theories proposes, that the fundamental (and al- 
lowing for predictive calculations) field theories at high energies are the renormal- 
izable onesj^ A non-renormalizable effective theory at lower energy may have two 
different kinds of behavior at high energy. It can either complete itself at UV by 
additional weakly coupled perturbative degrees of freedom (Wilsonian completion) 
and become a renormalizable theory, or it can match to a strongly coupled phase of 
an asymptotically free theory. A well known example for the Wilsonian UV com- 
pletion is the four-fermion theory of weak interactions at low energy becoming a 
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''Another option may be asymptotic safety, corresponding to theories with nontrivial RG fixed 
point in the UV, proposed in [5]. However there are no rehable calculations for such theories in 
most cases at present. 



gauge theory with the Higgs mechanism above the Fermi scale. Ahernatively, the 
effective theory describing baryons and mesons at low energy is completed at high 
energies by the asymptotically free QCD with gluons and quarks. Recently an al- 
ternative mechanism, termed classicalization, was suggested in [1] for theories with 
non-renormalizable derivative self-couplings. This mechanism may work in such 
fundamental theory as gravity [3], H]. 

The simplest example of a classicalizing theory is a scalar theory with the leading 
nonlinear derivative interaction of the form 

Lt{d,cpd^<py. (1) 

A particularly convenient example of a scalar field theory with such a leading inter- 
action term is given by the Dirac-Born-Infeld (DBI) type action 

S = -l d'x^Jl + 2e2Lt{d,<pf (2) 

with 62 = ±1. According to the standard picture the perturbative unitarity in 
such theories is violated at energies above the cutoff due to the derivative 
self-interactions of the scalar field. Instead it was suggested in [H |5] that in such 
theories a trans-cutoff scattering processes of two particles are dominated by low 
momentum transfer ~ r~^, where the length scale r^,{E) depends on the energy and 
r^,{E) 3> L*. As a result the leading contribution to the scattering process of two 
hard particles with high center of mass energy E ^ L^^ comes from the production 
of a multiparticle quantum state of ~ Er^ soft particles. This state is called 
classicalon and in the semiclassical limit 

— )■ 0, A^ — )■ oo, = fixed 

it should correspond to a classical configuration of size r^,, which is a solution of the 
theory [[6]. The length scale r^,{E) is called the classicalization radius. In this way 
the theory self-unitarizes by prohibiting to probe small distances r ^ L^, in high 
energy scattering processes. 

The focus of the present work is the semiclassical calculability of multiparticle 
production in such theories. For the convenience of calculations we will focus on 
the scalar DBI action ([2]). In conventional weakly coupled scalar field theories it 
is known that the perturbative methods fail to describe the scattering amplitudes 
for processes with large particle number A^ in the final state. This happens when 
the multiplicity of the final state A^ becomes of the order of the inverse coupling 
constant 1/ g^. Therefore, in the limit when — )• and A^ ~ 1/ g'^, non-perturbative 
methods are used to calculate the cross sections of multiparticle productions from 
a few (hard) initial particles. In this paper we will use a semiclassical technique 
to calculate the multiparticle production rates in a theory, which might exhibit 
the classicalization phenomena. This method is very similar to the method used 
to calculate high energy instanton-like transitions in the electroweak theory (for 
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details see [71-[TU]). Using the coherent state formahsm ^Tj allows one to reduce 
the problem of calculating the cross section to solving a classical boundary value 
problem for the scalar field. A distinctive feature of the multiparticle processes from 
instanton transitions is that the field configuration saturating the scattering cross 
section is singular at the origin [T2]. This approach of singular solutions has been 
previously applied to the theory in [T2HI1]. It has successfully reproduced all the 
results known from perturbative tree-level calculations, as well as the exponentiated 
part of the leading loop contributions [[12|. For a review of multiparticle processes 
and semiclassical analysis in generic scalar field theories see |15j . 

The purpose of this paper is to apply this semiclassical technique to calculate 
the transition rate of the process few N in the scalar DBI theory, which was 
suggested to classicalize in |I] . The paper is organized as follows. In section [2] we 
review the semiclassical method used for the calculation of the multiparticle cross 
sections and briefly present the previous results for the A(/)^ theory in section [s] We 
apply the technique to the DBI theory in section |4} We first discuss the semiclassical 
limit for this theory and find that to any given energy E one can associate a length 
scale r^:{E), such that it remains constant in the semiclassical limit. We show that 
this legth scale is r^: = L^:{L^:E)^^^ and coincides with the classicalization radius 
of [H E]. We then report the results for the scattering cross section. For a fixed 
above-cutoff total energy E > in the final state we find that the scattering 
processes with large number of particles in the final state > A^^crit ~ {EL^Y/^ 
is exponentially suppressed. For particle numbers A^ < Acnt the exponent of the 
scattering cross section becomes positive. We thus see an emergent critical length 
scale Tcrit = Ncrit/E which also coincides with the classicahzation radius r*. We 
conclude in section [S] 



2 Semiclassical formalism 



Here we briefly reproduce the derivation of the semiclassical approach to calculating 
the multiparticle production rates of [121 [13] • For further details on the formalism 
of section 



2.1 



see [12], and for the section 2.2 see 113]. 



2.1 Generic boundary value problem 

The total scattering cross section from an initial few-particle state to all possible 
final states with given total energy E and particle number A^ can be calculated as 



a{E,N) 



E 



f\PEPNSA\0 



(3) 



where the operator A creates an initial state from the vacuum (see the discussion 
on next page), 5* is the S-matrix, and Pe and Pn are the projection operators to 
states with energy E and number of particles A^ respectively. The sum runs over all 
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final states |/). By using the coherent state formalism [TT] the equation ([s]) can be 
written as [9] 



a{E,N) 



+ 5,(0, 0,) + 5^(6* , 0;) + i?*(0, 00 + i?;(6k, 0/) + ^5 [0] - iSW] 

+ J0(O) + J0'(O) j (4) 

where J is some arbitrary number defining the initial few-particle state as \i) = 
A\0) = e'^'^'-^-'lO) and the boundary terms are 

5i(O,0) =- c?ku;k0i(k)0.(-k), 
I t^ka;k0/(k)0/(-k). 



Here = \/ + k^, Tj denotes some final moment of time, and 0i(k) and 0/(k) 
are the spatial Fourier transformations of the field in the initial and final asymptotic 
regions. The complex variables 6k characterize a set of coherent states |{6}) which 
are eigenstates of the annihilation operators h-^, i.e. 6k |{^}) = |{^}) for all k- 

According to [TU] the integral in (|4]) is of the saddle point type for any scalar 
field theory with some dimensionless coupling constant g provided that the constant 
J ^ 1/ g and that under the change of variables = $ the action has the following 
property 

5(0, m, g) = S{^/g, m, g) = ^s(<l>, m). (5) 

9 

In this case after the change of variables (j) = ^ / g and (6, h*) = l/g{l3, (5*) the 
transition rate (|4]) takes the form 

a{E,N) ^ j dbldbi,d^dr]V(j)V(j)'expW, (6) 

with W = {l/g'^)F where F depends on $, /3, /3*, gJ, g'^E, g'^N, but does not 
explicitly depend on g. For the sake of clarity it is useful to define a new set of 
variables j = gJ, e = g'^E, n = g'^N such that in the semiclassical limit g ^ 
they stay fixed. We will refer to these quantities as to semiclassical variables. In 
the limit g 0, j, e, n = fixed the integral ^ can be taken in the saddle point 
approximation. 

Here we have to remark that the few-particle initial state is chosen to be of the 
form \i) = e'^'^^"-* |0) in order to formally avoid the fact that an initial hard particle 
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state is not semiclassical|^ In [TU] it was suggested that the few-particle initial state 
can be recovered by first evaluating the integral in saddle point approximation in 
the limit j = gj = fixed and then taking the limit j — > 0. The assertion is that in 
this limit one recovers an initial state with small number of particles. It is however 
not obvious that this limit indeed reproduces the amphtude for the process with 
few-particle initial state. For the Xcj)'^ theory a direct semiclassical calculation of 
the tree-level amplitudes and the exponentiated leading loop corrections was done 
in [12]. Comparison with the perturbative calculations confirmed the hypothesis 
about the correct form of the initial state (for perturbative calculations see e.g. 
[16] [T7]). We will assume, that this is also true for the theory at hand, keeping in 
mind that this check should, in principle, be repeated. 

Thus the dominant contribution to the scattering cross section ^ is given by 
the saddle point field configuration. The classical field equations and boundary 
conditions for the field (p are obtained by varying the exponent of Q with respect 
to (f), 0i(k), 0/(k) and 6k- The explicit form of the boundary conditions can be 
found in [12j. Here we write the boundary value problem for the scalar field in a 
simplified form 

^^=^JS^'\x), (7) 

0,(k) = ^^e'--\ t ^ -oo, (8) 

0;(k) = (6ke->^^-^-^->^* + felke*""*) , t^+oo, (9) 

where we have assumed that the integration variables ^ and ?7 in (|4]) are purely 
imaginary and substituted T = and 9 = —irj [12]. The complex variables Ok and 6k 
characterize the spatial Fourier components of the initial and final field asymptotics 
respectively. This result is independent on the exact form of the nonlinear scalar 
field interaction terms in the Lagrangian as long as the action satisfies the condition 
(|5| and one can assume that nonlinearities can be neglected for asymptotic solutions 
in 3 + 1 dimensions. 

There are two more saddle point equations obtained by the variation of the 
exponent in ^ with respect to parameters T and 9: 

E = j dka;k&k^ke^''^"^ (10) 
N = j rfk6*6ke'^''^~^ (11) 



^In principle, a different initial state can be chosen. However perturbative calculations for the 
Xcj)^ theory suggest that different choices of the initial state do not change the exponent of the 
scattering cross section [16]. The same is true also for generic scalar field theories with canonical 
kinetic terms [T8l. 
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This gives the physical interpretation of E and N as the energy and the number 
of particles in the final asymptotics. Due to the presence of a 5-functional source 
located at the coordinate origin x'^ = the energy of the system has a discontinuity 
at the point t = 0. It can be seen easily from the boundary conditions ([s]) and 
(|9| since at the times t < the field cp has only positive frequency modes and the 



energy vanishes, while at late times t > the energy is determined by (10). Another 



expression for the energy in the final state can be obtained from the Lagrangian 



t=0- ^ r /Ptr \ rt=o 



E= I dt^ [ d^(^(j)- C] = -iJ I dt(f){t,0)6{t) = -iJ(f){0). (12) 
Jt=o+ dt J \d(f) J Jt=o+ 

Let us discuss the limitations of the allowed field configurations (p after taking the 
limit J — > 0. One sees that for the energy jump to stay finite in this limit, the 
derivative 0(0) has to go to infinity. Hence the field has a singularity at the point 
t = X = 0. Therefore, in order to evaluate the scattering cross section for the process 
few — )■ one has to find the solution for the boundary value problem ([T]), (|8]), and 
(|9| which is singular at x'^ = but regular elsewhere in Minkowski space-time. 
Henceforth we will not mention the source J anymore. We will nevertheless keep 
in mind that the condition that we are only looking for singular field configurations 
arises from the limit to the few-particle initial state which is equivalent to the limit 
of a vanishing source. 

As a result, the scattering cross section is saturated by the saddle point of the 
integral ^ and has the following form 



a(E,Ar) ~e^(^'^), (13) 



where 



W{E, N) = ^F{n, e) = ET - NO - 2\mS[(t)]. (14) 
The saddle point relations between 9 and T, and E and A^ can be obtained by 



variation of the exponent (14) with respect to T and 9: 



Hence the problem of calculating the scattering cross section for multiparticle pro- 
duction ^ is reduced to solving the classical boundary value problem for the field 
stated in equations ((7])-([9]). Due to the requirement of a few-particle initial state 
only the solution, singular at the origin = 0, needs to be considered. After 



substituting this solution in equation (14) and using the equations (15) in order to 



eliminate the unphysical parameters T and 9 one arrives to an expression for the 
scattering cross section a{E,N). 
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2.2 Euclidean version of the boundary value problem for 
tree level contributions 

In general, solving ([7])-([9]) for the singular field configuration is a complicated prob- 
lem which can have more than one possible solution. However the process of solving 
the boundary value problem for the field is greatly simplified if the condition 
n = g'^N <^ 1 is imposed [12] . Then one needs to find only the initial euclidean part 
of the solution. In this case the resulting saddle point value of the Euclidean action 
is 

Im5[0] = Se[(I)] = \e-' J dka^a^a'^^^ = V^/(r), (16) 

where the last equality defines the function /(T), and are the Fourier components 
of the initial field asymptotics ([s]) rewritten as 

- -^_e-^^^ (17) 



for T = —it — )■ +00. The saddle point equations (15) then allow to express the 
parameter T and 6 in terms of the average energy e = E/N (here we consider 
massless particles) and particle number N as 

e=^, ^^ = -lniV + ln/(T). (18) 

Finally, for the scattering cross section we obtain [121 [E]: 

a(E,A^) =exp(A^ln/A^-iV + iV/(e)) , (19) 
f{e) = ene)-lng'l{T), (20) 

where by writing T = T(e) we stress that T should be expressed through e by 
solving ( jlsj ). The energy dependence of the scattering cross section is contained in 
the function /(e). 

To summarize, this semiclassical approach allows one to determine the exponent 
of scattering cross section for multiparticle process few — )■ A^, see [H] . To do this one 
first has to find a set of solutions of the Euclidean equations of motion SSe/ScP = 0, 



singular on the surface Ts(x) < 0, Ts(0) = with initial asymptotics (17). Then one 
has to extremize the integral I{T) for some fixed value of T over all values of Ok 
(or, equivalently, extremize over the singularity surfaces). Finally, from the equation 



(18) one obtains the value of e corresponding to the given T (this is equivalent to 



extremization over T for given e), and uses (19) and (20) to calculate the cross sec- 
tion. This method applies to any scalar field theory with a dimensionless parameter 
g such that under the change of variables = the action has the following 
property 

5(0, g) = S{^/g, g) = \s{^). (21) 

9^ 
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Then in the semiclassical hmit 



^ 0, e = g^E = fixed, n = g^N = fixed < 1 (22) 

the scattering cross section for the muhiparticle process with the total energy E and 
the particle number N in the final state can be obtained as described above. We note 
that the condition n ^ 1 is not essential for the applicability of the saddle point 
approximation ([3])-(|5|. This condition allowed to simplify the original boundary 
value problem to solution of only the Euclidean part of the equations ([3])-([5]), leading 



to the simple prescription described in (16)-(20), see [12]. The terms of order 
(9(n^ = g'^N'^) in the exponent of the scattering cross section arise only from loop 
corrections. It means that this approximation is equivalent to considering only the 
tree-level contribution to the scattering cross section. 

Note also, that if we perform extremization over only a subclass of the singularity 
surfaces (eg. only 0(4) symmetric ones), then the resulting cross section provides 
a lower bound on the cross section, analogously to a Rayleigh-Ritz extremization 
procedure, see [H] for the detailed proof. 



3 A(/)^ theory 



The semiclassical approach to the calculation of the cross section for the process 
few — )■ for large was previously applied in [121 El HH] to the A^"^ theory with 
the action 

^ id,<l>f -j<P']. (23) 



S 



In this Lagrangian the coupling constant A is dimensionless and thus the dimension- 
less saddle point parameter is simply g"^ = X. Indeed, it is straightforward to check 
that the action satisfies the condition (21). Thus the multiparticle scattering cross 



section in the limit (22) can be evaluated semiclassically by using the formulae (19), 
(20) with g^ = A. The saddle point value of the Euclidean action (16) for the 0(4) 



symmetric case can be found analytically [121 HH]- In the more complicated case 
of the massive A0^ theory the saddle point has been found numerically in [Hj. As 
expected, in high energy region it was shown to reproduce the results of the massless 



case. 



In the massless A0^ theory the function /(e), and consequently also the scattering 
cross section, is independent of energy, i.e. it is simply a constant]^ /(e) = ln(l/87r^). 
The scattering cross section as a function of particle number N in the final state for 
any value of energy E is then 



a{E, N) = a{N) = exp 



A^ln 



XN 



(24) 



^This numerical value of the function /(e) coincides with that given by Son |12j . but might 
differ from other authors, e.g. [H], due to the alternative definition of /(e) in (20 1. 
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ln(o(n)) 



Loop contributions 
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Fi gUre li The scattering cross section for multiparticle production in X(j>'^ theory depending 



particle number n ; 
taken into account. 



XN, evaluated for A 



10" 



on the semiclassical 
For the values n > 1 the loop contributions have to be 



In terms of the semiclassical variable n 



(Tin 



exp 



A 



AA^ this becomes 
n In 



n 



Sen' 



(25) 



Fig. [T] shows the exponent of the scattering cross section. 

We see that the multiparticle production is exponentially suppressed till the 
particle number reaches the critical value n = Sevr^ 215 above which the exponent 



in (25) becomes positive. This means that the result obtained in the saddle point 
approximation cannot be trusted beyond this point. However, we know that the 
result for the scattering cross section was obtained in the limit n ^ 1 and hence 
the loop contributions become important in the region where the values of the 
semiclassical variable n > 1. The positivity of the exponent for the semiclassical 
particle number values n > Sevr^ is thus well outside the validity region of our tree 
level approximation. 



4 Scalar DBI theory 

Let us now consider the following Euclidean DBI type action 

SE = -j d\^Jl~2e2Lt {d,ct>)\ (26) 

where all the quantities are dimensionful, i.e. [0] = and the coupling constant 
has the dimension of length [L^] = L. The parameter €2 can take values ±1. In 
order to make use of the semiclassical approach described in previous sections one 
has to introduce a dimensionless parameter, which would play the role of the saddle 
point expansion parameter g. For this we perform the following rescaling of the 
scalar fields (p ^ (p/g where the parameter g is arbitrary. The action transforms as 

Se{H9) = / ^'^^^1 - 262/^ id,<pf = ^^(0, I'), (27) 
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where 

I' = ^. (28) 
9 

We see that the parameter l/g"^ factors out in front of the action s(0, l^) and the 
action becomes dependent on the new parameter l^. It is useful to separate the 
parameters of the theory in two groups: the physical and semiclassical. The phys- 
ical parameters of the theory are the dimensionful coupling constant L^, and the 
energy and particle number in the final state E and N respectively. The semiclas- 
sical variables were introduced in section [2] as quantities which remain fixed in the 
semiclassical limit, when g ^ 0. Besides the semiclassical energy e = g'^E and semi- 
classical particle number n = g'^N, in DBI theory there is an additional quantity 
which has to stay constant in the limit (7 — )■ 0. We see this from the action (27) 
since it explicitly depends on the new parameter It is clear that, in order to 
evaluate the action in saddle point approximation, also the has to remain fixed. 
The corresponding limit (22), in which the tree level multiparticle scattering cross 
section in DBI theory can be evaluated in saddle point approximation, is then 

g^O, e = g^E = fixed, = ^ = fixed, n = g^N = fixed < 1. (29) 

9^ 

The conditions e, n, = fixed define the region of applicability of the saddle point 
approximation to the scattering problem, whereas the condition n <C 1 is needed in 
order to simplify calculations by neglecting the possible loop contributions. 

There are two interesting features of the semiclassical limit of the scalar DBI 
theory. First we observe that the product EL^: = el/g^^^ becomes large in the 
limit g ^ 0, corresponding to the interesting case of energies exceeding the cutoff 
scale, i.e. E > L~^. The second observation is that it is possible to introduce a 
length scale associated with a given energy such that this length remains constant 
in the semiclassical limit. Indeed, by setting r^{E) = E"'Ll~^°' and replacing physical 
variables with the semiclassical ones, we obtain the condition 

r,(E) = ^"/i+"^-2{i-3a) _ g^g^ ^ ^ _ 1 (30) 

o 

This determines the parameter a uniquely and we obtain that r* = L^(EL^Y^^ . 
Hence the semiclassical length scale coincides with the classicalization radius intro- 
duced in [1]. 

Let us present the results for the scattering cross section of the process few — )■ 
N. For simplicity we limit the extremization procedure to the 0(4) symmetric 
singularity surfaces of the classical solution. As we will see, in DBI theory the 
derivative of the field is singular in distinction from the theory where the field 
itself was singular. Nevertheless, the previous conditions for the finiteness of the 
energy ( 12 ) are still satisfied for the singularity in the first derivative]^ The equation 

^In the truncated DBI theory with only (9^09^0)^ self-interaction term the singularity ap- 
pears in the second derivative of (j). In order to apply the semiclassical technique to this case the 
initial state should be chosen as \i) = exp(J(/)(0)) |0). 
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of motion obtained by varying the action (27), in terms of the 4-dimensional radial 
coordinate p, is 



^3 



and hence 



d<p _ Rl 1 

~dp ~ ^2/2 /^6 + 



0, (31) 



(32) 



For €2 = — 1 the derivative becomes singular at the singularity radius p = Rs. In 
order to obtain the solution, which is singular at the coordinate origin r = |x| = 0, 
one has to choose another coordinate system where the Euclidean time coordinate 
is shifted as r — )■ r + so that 

p2 = (r + R,y + x2. (33) 

For 62 = +1 the derivative is regular everywhere. Hence due to the lack of a 
singular 0(4) symmetric Euclidean solution the semiclassical method for calculation 
of multiparticle scattering cross sections cannot be restricted to this subclass of 
solutions in this case. Instead, for the €2 = +1 branch of the DBI theories some 
more generic subclass of singularity surfaces should be considered, which is however 
beyond the scope of the present work. Henceforth we will therefore investigate the 
62 = —1 case. 

It is interesting to note that according to a recent paper by Dvali et al. |6j the 
classicalization at all UV energy scales should occur in the €2 = +1 case. For the 
€2 = — 1 case the classicalization, if present at all, is expected to happen in some 
finite energy range < E < u ^ EO]- The declassicalization scale u is model 
dependent and, in general, depends on the scale, at which some new weakly coupled 
degrees of freedom should be integrated in, and the theory is UV completed in the 
usual Wilsonian sense. 



After setting 62 = —1 the solution of the equation of motion (32) for 0(p) is 



Rs 



In the asymptotic region p — )■ cxd the integral can be approximately taken as 

-R^ 1 

0(p) = — . (35) 
and the Fourier components have the following asymptotics at r — )■ 00 

0(r, k) = -^e-"''^ where = |k| and a* = ^if^e'^'^^^ (36) 



V2u^ ' ^ 2/2 Y 2wk 
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The saddle point value of the Euclidean action I{T) in (16) is then 

1 



/(T) 



Lt 2 (2i?,-T)2- 



(37) 



After extremizing the function I(T) over all Rs we obtain for the function /(e) the 
following expression 

23 



/(e) =4 + ln— — +41n(e 



IT' 



36 



(3^ 



where we have used g"^ = L'^/l^- In distinction from the A(/)^ case this function grows 
with the energy density e = E/N as shown in Fig. pi 



After substituting this expression of /(e) in (19) we find the tree level scattering 
cross section 



a{E, N) = exp 



3A^ In 



crit 



A^, 



crit 



A^ 



3N 



where we have defined the critical particle number in the final state Acrit as 

„3 (2e)^ 



A^, 



crit 



7r236' 



(39) 



(40) 



We see that for fixed total energy E the scattering process few — A^ is only sup- 
pressed for A^ > A"crit- The notion of critical particle number allows one to define a 
critical length scale such that for given energy E it satisfies 



E 



cL^{L^E) 



1/3 



(41) 



In other words, r~?^ corresponds to the maximal allowed energy per particle and 
coincides with the classicalization radius defined in [H [5] . Hence we have shown 
that the classicalization radius emerges as the critical length scale at which the 
behavior of the scattering cross section drastically changes. 

We will discuss the behavior of the transition rate in dependence of the particle 
number A^ in the final state for fixed energy E in two separate energy regions. 
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Fi gUre 3; The exponent of the scattering cross section as a function of the semiclassical particle number in 
the final state n for DBI theory with £2 = — 1 evaluated at different values of the parameters el = ELtn^^^- 
The numerical value of the semiclassical parameter = 10~* and hence the parameter region el > g^^^ 



*a 

IQ- 



corresponds to the high energy region EL, > 1. For the values n > 1 the loop contributions have to be taken into 
account. 



4.1 Strong coupling region: E > L^^ 



It is useful to rewrite the expression for the scattering cross section (39) in terms of 
the semiclassical variables defined above 



(7[e, n) 



1 

exp — 
9^ 



3n In 



c(d) 



4/3 



n 



(42) 



We see that the functional dependence of the cross section is very different from the 
X(j)^ theory in equation (25 ). In theory the scattering is exponentially suppressed 
for small values of the semiclassical particle number n. Meanwhile in DBI theory 
the exponent of the scattering cross section becomes positive for small values of 
n < c(£:/)^/^ and thus the expression (42) cannot be trusted for these values of n. 



The comparison of the dependence of the scattering cross section on the semiclassical 
particle number n in DBI theory and in theory is shown in Fig. [3j 

We recall here that a similar break-down of the saddle point approximation is 
observed in A0*^ theory for large values of n. However that is an artifact of the tree 
level approximation n <^ 1 since we have neglected all terms of order O(n^). The 
behavior of the scattering cross section at larger values of n is changed by the loop 
contributions [l^j- The same logic also applies to the DBI theory, but as is shown in 
Fig. [3] the higher order corrections become relevant only at values n > 1. Hence the 
break-down of the semiclassical approach cannot be cured by adding higher order 



corrections to the exponent of the scattering cross section (42). 



In terms of the physical particle number it means that the semiclassical method 
does not allow to make conclusive statements about the scattering cross sections for 
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ln(o(E,N)) 




Fi gUre 4; The exponent of the scattering cross section as a function of the physical particle number in the 
final state A'^ for DBI theory with €2 = —1 evaluated at energy EL, = 500 S> 1 The numerical value of the 
semiclassical parameter = 10"'*. The saddle point method breaks down for N < N^rit = c{EL,)'^/^ while the 
loop contributions become important at g^N ~ 1. The region in which the semiclassical method gives a reliable 
result is painted in green. 

the procesess where few initial particles scatter into < Ai'crit = c{EL^)^^^ particles 
with the total energy E > L^^. Remarkably, the saddle point method gives a reliable 
result for the transition rates to final states with particle number larger than the 
critical. In this region the scattering processes are exponentially suppressed. The 
scattering cross section as a function of the physical particle number in the final state 
is shown in Fig. |4| We note that with perturbative methods this energy region is 
completely unaccessible. It is therefore interesting to find that there exists a region 
for large particle number in the final state > A^^crit where the non-renormalizable 
theory behaves semiclassically. The energy per particle in the final state of A^^cnt 
particles equals r~?^ = [cL^,(L^,i?)^/^] ^ and thus the final state is composed 
of very soft particles as suggested by classicalization arguments in [H |5]. For even 
larger particle number the energy per particle further decreases. 

4.2 Perturbative region: E < L^^ 

The region of the physical particle numbers where the exponent of the scattering 
cross section is positive has no physical meaning as soon as the critical particle num- 
ber Ai'crit = c{EL^Y/^ becomes less than one. In this case the scattering process is 
exponentially suppressed for all physically reasonable values of the particle number 
in the final state > 1. This happens for low energies {EL^) < c~^/^ = 2.57. 
Strictly speaking this requirement translates into a condition on the semiclassical 
parameters EL^ = el/g^^"^ < c~^/^ which is not satisfied in the semiclassical limit 
when g (however, for some numerically small values of the parameters g and 
el the condition can still be fulfilled). Nevertheless, the obtained result is physically 
reasonable since the exponent of the scattering process is negative. Hence formally 
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the semiclassical method can also be apphed for the energy values which are below 
the non-renormalizability cutoff. However the obtained results should be compared 
with results from perturbative calculations. The perturbative check for the expo- 
nentiation of the scattering amplitude for 2 ^ N transitions in theory was done 
in lini [T7]. The same procedure could be applied also to DBI theory. 

5 Conclusions 

We have applied the semiclassical approach to the calculation of the scattering 
cross sections for the multiparticle production from a few-particle initial state in a 
classicalizing theory. A reliable result is obtained in two parameter regions for the 
energy E and particle number in the final state. First, the exponential suppression 
is observed below energy cutoff E < for any number of particles > 1. This 
corresponds to the parameter region also accessible with perturbative methods. The 
second range of parameters leading to trustable results lies above energy cutoff 
E > L^^ but is restricted to large particle numbers A^ > A^crit only. This result 
is obtained in the region where the theory is strongly coupled and perturbation 
theory cannot be used. No information about hard high energy scattering processes 
few N < A'crit is obtained from the semiclassical approach. 

Let us discuss, how robust is the failure of the applied semiclassical procedure 
at E > L^^, N < Ncrit- First, we limited the analysis here to the 0(4)-symmetric 
singularity surfaces, while at least in the case of the theory it is known, that 
the true extremum of the boundary value problem is reached on a generic surface 
|14j . However, this in general should lead to even larger cross sections, and thus 
should not resolve the break-down of the saddle point approximation. Another 
option can be that the 0(4)-symmetric family of the semiclassical solutions passed 
through a bifurcation point at the typical energy E ~ L~^, making it an irrelevant 
subclass of the classical solutions at high energies. Another promising reason may 
be related to the fact that the limit of the vanishing source j — )■ 0, leading to 
the singular solutions, no longer commutes properly with the semiclassical limit 
and is not imitating a few particle initial state (the conjecture is checked by explicit 
comparison with the perturbation theory only in the normal renormalizable theories, 
see [ini [IE])- In this regard an approach, alternative to using the initial expression 
(|3|, may prove valuable. However, previous attempts to get a real time classical 
solution, corresponding to the high energy spherical collisions, lead to development 
of singularity at high energies [2T14M] . Hence it is not clear, if non-singular relevant 
semiclassical solutions exist. Thus, further study of the real time solutions is needed 
to get a useful insight into the classicalization phenomena. 

We therefore do not have conclusive statements about the presence or absence of 
the classicalization phenomena since this demands a better understanding of hard 
scattering processes with a small particle number in both initial and final state. 
The critical behavior of the trans cutoff multiparticle production was observed at 
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the number of particles which corresponds to A^crit very soft particles with the en- 
ergy per particle given as = [L^,(ii^L^,)^/^] . This coincides with the inverse of 
the classicalization radius introduced in [H |5]. With this we have shown the emer- 
gence of this critical length scale in the semiclassical approach which is conceptually 
completely different from the classical perturbative estimates of |5]. 

6 Acknowledgments 

The authors would like to thank Gia Dvali, Andrei Khmelnitsky, Dima Levkov, 
Maxim Libanov, and Sergey Troitsky for helpful and enlightening discussions and 
comments on the draft. LA is supported by the DFG Cluster of Excellence EXC 
153 "Origin and Structure of the Universe" . 

References 

[1] G. Dvali, G. F. Giudice, C. Gomez and A. Kehagias, "UV-Completion by Clas- 
sicalization," JHEP 1108 (2011) 108 [arXiv:1010.1415 [hep-ph]] 

[2] S. Weinberg, in General Relativity: An Einstein centenary survey, edited by S. 
W. Hawking and W. Israel (Cambridge University Press, 1979), chapter 16, p. 
790 

[3] G. Dvali and C. Gomez, "Self- Completeness of Einstein Gravity," 
arXiv: 1005.3497 [hep-th]. 

[4] G. Dvali, S. Folkerts and C. Germani, "Physics of Trans-Planckian Gravity," 
Phys. Rev. D 84, 024039 (2011) [arXiv: 1006.0984 [hep-th]] 

[5] G. Dvali and D. Pirtskhalava, "Dynamics of Unitarization by Classicalization," 
Phys. Lett. B 699, 78 (2011) [arXiv:1011.0114 [hep-ph]] 

[6] G. Dvali, A. Franca and C. Gomez, "Road Signs for UV-Completion," 
arXiv: 1204.6388 [hep-th] 

[7] A. Ringwald, "High-Energy Breakdown of Perturbation Theory in the Elec- 
troweak Instanton Sector," Nucl. Phys. B 330, 1 (1990) 

[8] O. Espinosa, "High- Energy Behavior of Baryon and Lepton Number Violating 
Scattering Amplitudes and Breakdown of Unitarity in the Standard Model," 
Nucl. Phys. B 343, 310 (1990) 

[9] S. Y. Khlebnikov, V. A. Rubakov and P. G. Tinyakov, "Instanton induced 
cross-sections below the sphaleron," Nucl. Phys. B 350, 441 (1991) 



16 



[10] V. A. Rubakov and P. G. Tinyakov, "Towards the semiclassical calculability of 
high-energy instanton cross-sections," Phys. Lett. B 279 (1992) 165 

[11] L. D. Faddeev, A. A. Slavnov, "Introduction to quantum theory of gauge fields," 
Nauka, Moscow (1978) 

[12] D. T. Son, "Semiclassical approach for multiparticle production in scalar theo- 
ries," Nucl. Phys. B 477, 378 (1996) [hep-ph/9505338] 

[13] F. L. Bezrukov, M. V. Libanov and S. V. Troitsky, "0(4) symmetric singular 
solutions and multiparticle cross-sections in 0^ theory at tree level," Mod. Phys. 
Lett. A 10 (1995) 2135 [hep-ph/9508220]. 

[14] F. L. Bezrukov, "Use of singular classical solutions for calculation of multi- 
particle cross-sections in field theory," Theor. Math. Phys. 115, 647 (1998) 
[hep-ph/9901270] 

[15] M. V. Libanov, V. A. Rubakov and S. V. Troitsky, "Multiparticle processes 
and semiclassical analysis in bosonic field theories," Phys. Part. Nucl. 28, 217 
(1997) 

[16] M. V. Libanov, D. T. Son and S. V. Troitsky, "Exponentiation of multiparticle 
amplitudes in scalar theories. 2. Universality of the exponent," Phys. Rev. D 
52, 3679 (1995) [hep-ph/9503412] 

[17] M. V. Libanov, V. A. Rubakov, D. T. Son and S. V. Troitsky, "Exponentiation 
of multiparticle amplitudes in scalar theories," Phys. Rev. D 50, 7553 (1994) 
[hep-ph/9407381]. 

[18] M. V. Libanov, "Multiparticle threshold amplitudes exponentiate in arbitrary 
scalar theories," Mod. Phys. Lett. A 11, 2539 (1996) [hep-th/9610036] 

[19] S. Y. Khlebnikov, "Semiclassical approach to multiparticle production," Phys. 
Lett. B 282, 459 (1992) 

[20] G. Dvali, "Classicalize or not to Classicalize?," arXiv:1101.2661 [hep-th] 

[21] W. Hcisenberg, "Mesonenerzeugung als Stosswellenproblem," Z. Phys. 133, 65 

(1952) 

[22] D. Flassig, A. Khmelnitsky, A. Pritzel, unpublished, 2011 

[23] J. Rizos and N. Tetradis, "Dynamical classicalization," JHEP 1204, 110 (2012) 
[arXiv:1112.5546 [hep-th]] 

[24] N. Brouzakis, J. Rizos and N. Tetradis, "On the dynamics of classicalization," 
Phys. Lett. B 708, 170 (2012) [arXiv:1109.6174 [hep-th]] 



17 



